Lattice spring model Particle method Fracture Non-local multi-body potential Elastic-plastic material a b s t r a c t A novel Volume-Compensated Particle model (VCPM) is proposed for the modeling of deformation and fracture in solids. In this proposed method, two potentials are introduced to model the interactions between material particles, i.e., a local pair-wise potential and a non-local multi-body potential. The local pair-wise potential is utilized to account for the constitutive relationship within the connecting bonds between particles while the non-local multi-body potential is employed for considering the volumetric effects under general mechanical loadings. The potential coefficients are determined by matching the potential energy stored in a discrete unit cell to the strain energy at the classical continuum level. A volume conservation scheme is proposed to model the plastic deformation. The validity of the proposed model is tested against the classical elasticity and elasto-plasticity benchmarks before its application to fracture problems. Several conclusions are drawn based on the proposed study.
Introduction
Existing numerical methods for analysis of solid mechanics can be generally grouped into two categories: the continuum-based approach and the discontinuous approach. The continuum-based approach includes classical finite element methods, extended finite element method, and many other schemes based on the continuum mechanics. The discontinuous approach includes discrete element method, lattice methods, particle methods, and other non-continuum-based methods. For discontinuous problems, such as cracking in materials, the classical continuum-based theories have the singularity issue, while the discontinuous approach is, in principle, more suitable for this type of problem. Before the application to general fracture and damage analysis of solids, the discontinuous approach must be verified to be consistent with classical continuum theory for general elasticity and plasticity analysis, which is the focus of the present study. Since the proposed method belongs to the discontinuous approach and the following discussion is mainly made for the discontinuous approaches.
One of the most common discontinuous methods is the lattice model. The idea of introducing lattice models, or spring network models, to simulate elastic solids dates back to Hrennikoff (1941) . Many subsequent developments have been done by researchers in engineering and material science (e.g., OstojaStarzewski et al., 1996; van Mier et al., 2002; Cusatis et al., 2006 Cusatis et al., , 2011a Grassl et al., 2006; Schlangen et al., 2007; Wang and Mora, 2008; Jivkov and Yates, 2012) . This approach was initially applied to atomic systems and later to larger scales as well. The restriction on Poisson's ratio of materials is a well-known issue for lattice spring models. For 2D model employing only the normal springs, the Poisson's ratio in the limit of infinite numbers of particles is fixed to 1/4 for plane strain and 1/3 for plane stress. With the introduction of additional shear springs (Ostoja-Starzewski, 2002) , the limitation on Poisson's ratio can be removed, but it still cannot model the full range of Poisson's ratio with positive stiffness parameter for shear springs, i.e., the stiffness parameter of the shear springs become negative when the Poisson's ratio greater than 1/4 for plane strain case and 1/3 for plane stress case. For 3D regular lattices model with normal and shear springs, it can only represents isotropic materials with zero Poisson's ratio (Wang and Mora, 2008) . Jivkov and Yates (2012) proposed a specific bi-regular lattice model which can be calibrated for a wide range of Poisson's ratios with beam elements. Alternative approaches have also been proposed for removing this restriction, such as Lattice Discrete Particle Model (LDPM) (Cusatis et al., 2011a,b) , Confinement-Shear Lattice model (CSL) and Distinct Lattice Spring Model (DLSM) (Zhao and Zhao, 2012) .
Another well cited discontinuous approach is the Virtual Internal Bond method (VIB) proposed by Gao and Klein (1998) . In the VIB method, the continuum is treated as a randomized network http://dx.doi.org/10.1016/j.ijsolstr.2014.01.025 0020-7683/Ó 2014 Elsevier Ltd. All rights reserved.
of material points, interconnected by bonds, which obeys a cohesive law. The macroscopic collective behavior of this random bond network is obtained through the Cauchy-Born rule (Born and Huang, 1954) of crystal elasticity and theory of hyperelasticity. The key element in VIB method is the determination of the function for the cohesive force law, which is calibrated in a phenomenological sense from the stress-strain curve in a uniaxial tensile experiment. The original VIB model only considered the bond stretching effect and thus also has a fixed Poisson's ratio issue, i.e., 1/4 for plane strain case and 1/3 for plane stress case. In order to make VIB applicable to a wider range of materials, Volokh and Gao (2005) proposed a decomposition of the Green-Lagrangian strain tensor into spherical and deviatoric parts with separate contributions to the strain energy of the bonds. Another recently developed discontinuous method is the peridynamics method proposed by Silling et al. (2007) . The peridynamics uses the interaction among a group of particles (e.g., within the horizon radius) to describe the mechanical behaviors of solids. In peridynamics, an iterative trial-and-error calibration process is required to determine the model parameters for the force density function. The original peridynamics formulation also has the restriction of the applicable Poisson's ratios. With the introduction of the statebased formulation, the restriction on the Poisson's ratio can be removed but the computation process is complex (Silling et al., 2007) .
Most existing discontinuous methods have been mostly applied to model brittle/quasi brittle fracture problems. For some materials, such as concrete and rocks, the plastic deformation can be ignored and simulation assuming brittle or quasi-brittle behavior is sufficient. But the plastic deformation plays an important role for many other engineering materials and thus cannot be ignored in order to obtain a fully understanding of failure mechanism of these materials. Although several attempts to include plasticity have been made (Buxton et al., 2001; Thiagarajan et al., 2005; Foster et al., 2010) , relatively few studies have been made for general plasticity analysis using the discontinuous approach compared to its wide applications to elastic problems. Buxton et al. (2001) included plasticity into the classical Born spring model and Thiagarajan et al. (2005) extended the hyperelastic to elasto-viscoplastic material modeling using the VIB method by incorporating the continuum-based plasticity theories. Both above attempts are based on the classical lattice theories and the restriction on the Poisson's ratio still exists. Foster et al. (2010) extended the peridynamics to model viscoplastic material, which is also based on the classical continuum-based plasticity theories. As can be observed, most existing implementation of plastic deformation into the discontinuous approach still relies on the continuum-based plasticity theory, which requires the transformation between the particle system and the continuum domain throughout the analysis (i.e., transformation between the particle displacement/force to continuum strain/stress). To the best knowledge of the authors', no systematic studies have been proposed to simultaneously consider the arbitrary Poisson's ratio in elastic and elastic-plastic deformations by only employing the pair-wise particle interactions in the open literature.
Lattice models have been dominantly applied to model fracture phenomenon of brittle materials due to its easiness of simulating crack initiation and propagation by bond breaking and removal Bennison, 1994, 1995) . Several bond breaking rules can be applied at the bond level, such as the critical energy, critical force and critical elongation criteria. For regular lattice based models, however, it's shown that the lattice regularity results in the preference of certain crack propagation direction (Jirásek and Bažant, 1994; Schlangen and Garboczi, 1997) . This directional preference intrinsically comes from the anisotropy of the failure surface (Monette and Anderson, 1994) . Based on the work of Monette and Anderson (1994) , the degree of anisotropy of the failure surface can be decreased by employing more particles as the neighbors of the centered particle, which essentially is the same as the concept of horizon used in peridynamics (Silling et al., 2007) . In this paper, the major objectives are to propose a new discrete simulation framework under elasticity and plasticity, which is of critical importance before a comprehensive fracture study using the proposed framework. One demonstration example for fracture is shown to see the capability of the proposed new framework.
Based on the above discussions, the objectives of the proposed study is to develop a novel Volume-Compensated Particle method (VCPM), which can handle the arbitrary Poisson's ratio effect and the plastic deformation which does not rely on the classical plasticity theories. The key idea in the proposed VCPM is to include two potential descriptions for the particle system interaction. In addition to the local pair-wise potential used in the classical lattice spring models, a non-local multi-body potential is introduced to account for the volume change of particles. The restriction on the Poisson's ratio is completely removed by using the volumetric potential term, i.e., the non-local multi-body potential. The proposed model is capable of simulating elastic-plastic deformation by considering the conservation of volume under the general plastic deformation. The content of this paper is organized as follows. First, details about the proposed VCPM formulation is given, includes particle packing selection, derivation of the coefficients of potential functions. Next, the proposed methodology is extended to model elastic-plastic materials according to the volume conservation during the plastic deformation. Following this, a critical elongation failure criterion is proposed and used for fracture modeling. Then, some benchmark problems of solid mechanics are used to verify the validity of the proposed methodology. Some discussions and conclusions are presented based on the current study at the very end.
VCPM formulation
In this section, detailed formulation of the proposed VCPM is given. This section is grouped into three subsections: packing selection (Section 2.1), determination of potential coefficients for 2D elasticity (Section 2.2) and plasticity (Section 2.3), fracture criterion (Section 2.4), and solution methods and damping issues in VCPM (Section 2.5).
Particle packing
Similar to all particle-based simulation methods, particle packing also directly affects the formulation and model parameter determination in VCPM. Two possible packing types, e.g., the hexagonal packing and the square packing are investigated in detail in this study. The schematic plots for different packing are shown in Fig. 1 .
In classical lattice models, both packing ( Fig. 1 ) have been investigated and the restriction on Poisson's ratio exists in both cases (Wang et al., 2009) . For these two packing only considering the nearest neighbors, they both satisfy the isotropic condition which is required for modeling isotropic homogeneous materials. But for the square packing, there is no shear contribution from the nearest neighbors. By taking the second nearest neighbors into consideration, shear can be introduced into the square packing. More details are shown in Section 2.2.
Once the particle packing is selected, a unit cell that periodically repeating in the discrete model is chosen to calculate the potential energy. Two typical unit cells for both hexagonal and square packing are shown in Fig. 1(c) and (d) , respectively. The strain energy of a unit cell can be calculated based on the classical lattice theory, in which the normal vectors of each pair of particles are required. A normal vector is the direction vector between a centered particle and its neighboring particles. The normal vectors of a typical unit cell are listed in Table 1 for both packing. These definitions will be used in the derivation shown in the next section.
Model development and potential coefficients determination
The key idea of the proposed VCPM is that two potential terms are used to describe the strain energy U cell stored in a unit cell: the energy stored in the local pair-wise neighboring springs U s and the energy associated with the volume change of a unit cell U v . Note that only a half spring is used in each unit cell while calculating the strain energy, which avoids overlapping. Mathematically, the above hypothesis can be expressed as
Both hexagonal packing and square packing share the same derivation process. Without loss of generality, following derivation is based on the hexagonal packing. Some specific issues related to square packing will be addressed later. The local pair-wise potential function U s of the hexagonal packing is
where superscript h indicates hexagonal packing. dl IJ is the length change of a half spring, k h 1 is the stiffness parameter for springs connecting the center particle with its nearest neighbor.
where ðx I ; y I Þ is the position vector of particle I for 2D case and l 0 IJ is the original length of the connecting bond.
Based on the assumption that the displacement field of a spring is linearly distributed, the strain of a spring connecting particle I and J can be expressed as
where dL IJ is the length change of an entire spring, i.e., dL IJ ¼ 2dl IJ .
The relationship between the strain e IJ of a spring and the strain tensor of a unit cell in the Cartesian coordinate system is e IJ ¼ e ij n j n i ð5Þ with i; j ¼ 1; 2; 3. Based on Eq. (5), the strain energy stored in the springs of a unit cell can be further formulated as Table 1 . I, J is the particle indices.
From Eq. (6) and the normal vectors listed in Table 1 , the strain energy stored in springs associated with a unit cell can be obtained as
Unlike the local pair-wise potential energy, the energy of volume change is introduced via the volumetric strain of a unit cell. For 2D case, the volumetric strain is different in the plane strain and plane stress cases. The general formula for the non-local multi-body potential function
where V h is the volume of a unit cell, T h is the non-local multi-body potential parameter and e h v is the volumetric strain of a unit cell. For hexagonal packing, the volume of a unit cell is
is the radius of a particle as shown in Fig. 1 
(a).
Under the plane strain assumption (i.e., the out-of-plane strains are all zeros), the volumetric strain in terms of the normal strains under Cartesian Coordinates is
Thus, the non-local multi-body potential for volume change of a unit cell is,
Given Eqs. (7) and (10), the total strain energy of a unit cell in terms of the strains in the Cartesian Coordinates can be expressed as
Using the characteristic of elastic material that the strain energy is conservative, the stiffness tensor can be obtained in the Voigt form as
Expanding terms using Eq. (11), the stiffness matrix can be further expressed as 
Fig. 1. Schematic illustration for 2D particle packing.
Comparing this stiffness matrix with that of 2D isotropic homogeneous material, the parameters of the potential function k h 1 and T h can be solved in terms of the material constants E (Young's modulus) and v (Poisson's ratio) uniquely as
Eq. (14) is the expression of the coefficients of the potential function. Next, the interaction force within each spring needs to be calculated which will be used for the particle dynamics simulation. The interaction force within a spring given certain length change dl IJ can be obtained by taking derivative of the totally energy of a unit cell U h cell with respect to the length change of such spring dl IJ as
In order to do so, the potential energy needs to be expressed as a function of the spring length change dl IJ . By definition, the volumetric strain of a unit cell can be approximated by the strains of all the neighboring springs as
Given Eq. (16), the total strain energy of a unit cell can be rewritten in terms of the spring length change dl IJ as
It is shown in Eq. (17) that the potential energy stored within the springs is a local pair-wise potential and that of the volume change is a non-local multi-body potential. Based on Eqs. (15) and (17), the interaction force within a half spring given certain length change dl IJ can be obtained as
For plane stress case, the volumetric strain can be expressed using the in-plane normal strains in the Cartesian Coordinates as
Follow the same procedure as that in the plane strain case, the potential coefficients can be obtained as
Comparing Eq. (14) with Eq. (20), the spring stiffness parameters are the same while the multi-body potential parameters are different for plane strain and plane stress cases. The volumetric strain of a unit cell in the plane stress condition can be approximated from its definition as
where d 33 is the thickness change.
Using Eqs. (19) and (21), the strain in the thickness direction e 33 can be solved as
Thus, the interaction force for half spring can be obtained as
where
The above discussion is for the parameters of the potential functions for hexagonal packing. For those parameters of square packing, the same derivation scheme can be applied. For simplicity, the results are directly given with some special notes.
The strain energy stored in the springs has a different form from the hexagonal packing since two types of spring is adopted in square packing. The strain energy U s s is
where superscript s indicated the square packing, k s 1 and k s 2 are the spring stiffness parameters for springs connecting a center particle with the nearest and the second nearest neighbors, respectively. The strain energy with the volume change of a unit cell is the same as that of the hexagonal packing, except the volume of a unit cell is V s ¼ 4R 2 for square packing.
For plane strain case, the strain energy of volume change of a unit cell is 
Comparing the components with the stiffness matrix of 2D isotropic homogeneous materials, the potential coefficients can be determined uniquely as
By definition, the volumetric strain of a unit cell in square packing can be approximated as
Thus, the total strain energy of a unit cell in square packing can be rewritten in terms of the length change of a half spring as
From Eq. (15), the interaction force within half spring can be obtained as
For plane stress case of the square packing, the derived expression of the potential coefficients is
The volumetric strain for the square packing under plane stress condition can be approximated as
The strain in the thickness direction can be solved from Eqs. (19) and (33) as
As a short summary, the model parameters under 2D elastic cases have been derived for both packing. In the following section, the developed model is extended to elastic-plastic deformations.
Extension to plasticity
Plastic deformation is a path-dependent problem from the perspective of energy, which means the parameters derived by equating the strain energy between the discrete model and the continuum model is no longer valid for the case of elastic-plastic deformation. It is known that the plastic deformation is primarily a distortion and the volume change is negligible. From this perspective, instead of equating the strain energies, a volume conservation scheme is proposed to extend the VCPM from elastic to plastic deformations.
Volume conservation
The interaction force between a particle pair for an elastic media has been derived as shown in Eqs. (18) and (31). A modified equation is proposed to model general elastic-plastic materials and can be expressed as
where k e is the spring stiffness parameter of the elastic deformation and k p is that of plastic deformation, as shown in Fig. 2 , dl e IJ is the elastic part of the length change of a half spring and dl p IJ is the plastic part, dl Y IJ is the yielding displacement of the connecting bond, T e is the multi-body potential parameter for elastic deformation, T p is the multi-body potential parameter for plastic deformation, and Q ðÁÞ is a function of the strains as shown in Eq. (18). It should be noted that Eq. (36) is for bi-linear plastic model (see Fig. 2 ) and more complex plastic models can be developed based on the similar procedures.
In the Eq. (37), the length change of a typical bond is additively decomposed into two parts, the elastic part and the plastic part, in a similar way as have been done in classical continuum mechanics for strains.
For plastic deformation, parameters of the potential function, as shown in Eqs. (17) and (30), are calculated based on the Poisson's ratio and the tangent modulus at the corresponding plastic deformation. Given the material's tangent modulus and Poisson's ratio at the plastic deformation stage, the model parameters (in the case of hexagonal packing) can be determined as 
Equivalent yield condition
Classical continuum-based plasticity theory needs to define the yield surface for the general plasticity analysis. The proposed VCPM only uses the one-dimensional bond potential to describe the plastic deformation. The yielding condition is derived by considering the force exerted on a unit cell. The force state is shown in Fig. 3 for both packing.
As shown in Fig. 3 , for hexagonal packing, the net force on a unit cell is
Equating the above net forces with the yielding force in the continuum model, the following equation can be obtained, Using Eqs. (14) and (41), the yielding length change of a bond can be obtained as,
The same procedure is applied to the square packing, and the critical length change of a spring can be obtained as, for the springs connecting the nearest neighbors and the center particle,
and for the springs connecting the second nearest neighbors and the center particle,
As can be seen, elastic-plastic material modeling in the proposed VCPM only uses the modified bond potentials. For general plastic analysis, no stresses and strains transformation to the continuum and the determination of yielding surface are needed, which differentiates the VCPM from most existing discontinuous approaches as discussed in the first section. In next section, the solution methods and system damping is discussed.
Fracture criterion
As discussed at the beginning, the fracture simulation if one of the most important advantages of the discrete approach. Detailed study on the fracture simulation needs significant future study. In the current study, only a simple scheme is used to demonstrate the capability of the proposed methodology. The fracture criterion used in the proposed VCPM is bond-based, which make the simulation process much easier. Critical energy/force/elongation criteria can be derived based on different material properties, such as fracture toughness and material strength. For demonstration purpose, a bond-based critical elongation criterion is given below.
For springs of triangular packing, the critical elongation can be expressed as Fig. 3 . Forces exerted on a unit cell from neighboring springs. 
For the springs connecting the nearest neighbors and the center particle in square packing, the critical elongation can be expressed as Fig. 7 . Displacements distribution for tensile loading. Fig. 8 . Displacements distribution for shear loading.
For the springs connecting the second nearest neighbors and the center particle in the square packing, the critical elongation can be expressed as
where r R is the rupture strength of a material. Once the critical elongation is reached by a bond during the simulation step, the bond is considered broken and removed from future simulation steps. The entire fracture process can be tracked by the bond breaking process as used in most existing discrete approaches. Fig. 9 . Displacements distribution for uniformly distributed loading.
Solution methods and system damping
All particles in the VCPM obey the Newton's second law of motion. The Equations of Motion of the entire system is
where M is the diagonal mass matrix, u is the position matrix, f int is the internal force matrix and f ext is the external force matrix. € u is the acceleration matrix needs to be solved. f int is a column matrix with the component being the internal resultant force on each particle.
The solution method used in VCPM to solve the equations system is the simple Velocity Verlet method (Swope et al., 1982) .
where x i ðtÞ and x i ðt þ dtÞ are the position vector of a particle at current time step and next time step, respectively. _ u is the velocity matrix and c is the damping coefficient.
The solution is conditional stable and the critical time step is determined from the speed of P-wave.
where R is the radius of the particles and the P-wave speed is
where K and G are the bulk and shear moduli of the material. For quasi-static elastic problems, damping is introduced into VCPM solution scheme so as to obtain a quasi-static solution. Kinetic damping was proposed by Cundall (1976) as an alternative damping method to viscous damping as described in Eq. (49). The underlying basis of kinetic damping is that as an oscillating body passes through a minimum potential energy state its total kinetic energy reaches a local maximum. Under this scheme, the total kinetic energy is traced under un-damped motion of the system of particles. Upon detection of a local energy peak, all current particles' velocities are set to zero. The process is then restarted from the current state and continued through generally decreasing peaks until the kinetic energy of the system has been dissipated and the system attains its static equilibrium state. A schematic for the basic idea in kinetic damping is shown in Fig. 4 .
Numerical examples

Elasticity and elastic-plasticity
The benchmark problems used in this section to examine the validity of the proposed VCPM method share two types of geometric dimensions: one rectangular plate with centered hole and one without. The dimensions of the two plates are shown in Fig. 5 . The unit for the geometric dimension is meter (m).
Several different loading conditions are considered. The boundary conditions are specified in each example. And the material properties are listed in Table 2 .
Elastic problems
Various loadings are utilized in this section to test the validity of VCPM for modeling materials under elastic deformation, including uniaxial tensile loading, shear loading and bending cases. The physical model used for all elastic examples is the rectangular plate 1, without centered hole. The boundary conditions for each example may different. A more detailed specification is given in each example.
Verification of Poisson's ratio. The plate left edge (edge a) is fixed in the x direction while free in the y direction. A displacement boundary condition is applied on the right edge (edge c) in the positive x direction, with value of 1.0 Â 10 À5 m. The testing results are shown in Fig. 6 , in which the fixed Poisson's ratios in classical lattice models are also provided for comparison.
Uniaxial tension. The rectangular plate 1 is stretched in the positive x direction with force of value 2000 newton. The left edge (edge a) is clamped, i.e., the motions in both x and y directions are fixed. Due to symmetry, only a half model is used. The plane stress assumption is adopted. The Poisson's ratio is 0.25. The results for the displacement distribution are compared in Fig. 7 . The simulation results using two different packing and the solution from FEM using ABAQUS (ABAQUS/Standard) are compared. Based on the above verification for linear elastic cases, it is observed that the proposed VCPM can accurately predict the deformation behavior for different Poisson's ratios under different loading conditions. The two different packing give similar results compared to the classical FEM results. 
Elastic-plastic problems
For problems in this section, the displacement boundary conditions are used and applied at a very low speed so as to obtain a quasi-static solution. No damping strategy is used in this section.
As mentioned in the Section 2.2., the strain measures adopted in the VCPM have the meaning of engineering strains. In order to compare the results with FEM results obtained from the ABAQUS package, the engineering stress-strain curve needs to be translated into the true stress-strain curve. For the bilinear engineering stress-strain curve shown in Fig. 10 , the tangent moduli are 6.9 Â 10 10 and 6.9 Â 10 8 Pa for elastic and plastic stages, respectively. The yielding strength of the material is 2.0 Â 10 8 Pa, as listed in Table 2 . The engineering stress-strain curve and the converted true stress-strain curve are shown in Fig. 10 . These curves are used for both examples in this section. The lateral deformation results are shown in Fig. 11(a)-(c), with (d) is the history of the reaction force at the right edge (edge c). The results for other cases are listed in Table 3 .
Cantilever beam: shear loading. The physical model used in this example is the rectangular plate without the hole. The left edge (edge a) is clamped and a displacement boundary condition is applied on the right edge (edge c) in the negative y direction with value of À2.0 Â 10 À3 m. The stress-strain curve is the same as the one used in the uniaxial tension test. Comparing to the geometrical dimension, the model used in this example undergoes a large deformation. For simplicity, only the results for Poisson's ratio of 0.4 are given here. The final displacement distributions and the reaction force history on the right edge (edge c) are shown in Fig. 12 .
Uniaxial tension, unloading. In order to differentiate the elasticplastic response from the nonlinear elastic response of materials, an unloading case is studied here, i.e., elastic unloading forward plastic reloading. The model used in this subsection is the same as the one in the uniaxial tension test, except that an unloading process is applied after the plate is loaded to certain plastic deformation. Only the results of the hexagonal packing are provided. The history of the external applied displacement boundary conditions and the reaction force on edge C are shown in Fig. 13 . The oscillation during the elastic unloading and reloading is due to the nature of dynamic formulation. The final displacements distributions are shown in Fig. 14. Based the above verification for elastic-plastic analysis, it is observed that the proposed VCPM and volume conservation scheme can successfully predict the elastic-plastic deformation under loading and geometry induced plasticity (i.e., due to bending and stress concentration). The results agree well with classical FEM results based on von-Misses yielding criterion. Both packing have similar results compared to the FEM results, which indicates that the proposed VCPM is independent of the packing selection, at least for the investigated two packing patterns. It should be noted that the above plastic analysis using the VCPM only depends on the one dimensional pair-wise bond potentials and no yield surface as used in the classical continuum-based plasticity theory is required. This greatly facilitates the implementation of nonlinear material behavior in the proposed VCPM, e.g., damage-induced stiffness degradation. Future study is required to fully verify this for general 3D cases under general loading conditions.
Fracture simulation
A three-point-bending test is simulated in this section to show the capability of the proposed model for fracture modeling using the triangular packing lattice. The geometry and the loading condition of the specimen are shown in Fig. 15 . A centered point loading is applied on the top edge of the specimen and the crack length is 0.002 m. Two points, 0.028 m away from each other, on the bottom edge are fixed in the y-direction. The material property in this problem is the same as those listed in the Table 2 . The Poisson's ratio is 0.2. The simulation results using the triangular packing are given in Fig. 16 .
It can be observed that a typical mode I crack growth is simulated in this example, which is expected from the continuum theory. It should be noted that this demonstration example is only used to illustrate the feasibility of fracture simulation using the proposed new framework. Detailed investigation of fracture analysis using the proposed approach needs further study.
Discussion and conclusion
A novel Volume-Compensated Particle method (VCPM) is proposed for the general analysis of 2D solids, i.e. elasticity, elasticplasticity and fracture. The proposed method is verified with the classical continuum-based methods.
For some discrete approach using both normal and shear springs, the stiffness of the shear spring will become negative for some special Poisson's ratios (Ostoja-Starzewski, 2002) . In this approach, both springs are physical springs corresponding to different displacements. It is hard to justify the negative stiffness for a macro level spring element under elastic deformation, although some physical explanations have been given in Zhao and Zhao (2012) . In the proposed approach, the volumetric parameter T will be negative for certain range of Poisson's ratio, i.e. smaller than 0.25 for plane strain and 0.33 for plane stress. This parameter does not have any physical meaning and is used to compensate the energy representation in the classical axial spring model. For the plane strain case, when the Poisson's ratio is larger than 0.25, the strain energy stored in a unit cell will become smaller than that of the corresponding continuum theory. The volumetric energy term is introduced to compensate this difference such that the energy equivalence can be achieved for arbitrary Poisson's ratios. The numerical implementation of the model is similar to the classical particle dynamics. The Newton's second law of motion combined with Velocity-Verlet solution method is used to track the system evolution. The entire simulation is divided into many steps. At each simulation step, the bond status is checked for the elastic or plastic deformation. There is no any numerical stability issue with the solution methods for the investigated cases even when the volumetric parameter is negative.
In the plasticity examples, the maximum strain level is about 10% which is considered large for most engineering materials and structures. As long as the lattice distortion is not significant, the proposed framework can be directly applied to large displacement problems. If the lattice distortion is significant, a geometric nonlinearity tracking algorithm needs to be used to update the lattice configuration at each simulation step, which is similar to classical FEM implementations to include the geometric nonlinearity. Thus, the proposed framework is possible for large displacement, but needs additional studies for highly distorted particle systems.
The lattice beam model introduces ''micropolarity'' and can improve the Poisson's ratio limitations of the classical lattice spring model. There are two distinct differences between the beam element approach and the proposed model. First, the degree of freedom of the proposed framework is very different from the beam element method since only nodal displacement at the particle locations are considered as DOF (i.e., no rotational DOF). This difference can be significant for large particle systems and can impact the solution efficiency. Second, the fracture simulation for beam elements needs to consider the multi-axial force/displacement while the proposed method only uses the axial force/displacement. This difference will have very different effects in the fracture simulations. Detailed comparison between the proposed framework and the beam element method will be very interesting and needs further study. The pros and cons of each method should be investigated in detail. Nevertheless, the proposed framework offers a new, systematic, and alternative way for the discrete method simulation of solids.
Several major conclusions are drawn based on the current investigation:
-Introducing the local pair-wise and non-local multi-body volumetric potentials successfully reproduces all Poisson's ratios using the proposed particle method; -The volume conservation scheme in the proposed VCPM is able to analyze the nonlinear elastic-plastic deformation of 2D solids; -Only one-dimensional pair-wise potential needs to be determined for the plastic deformation and general plasticity analysis can be performed, which greatly facilitates the plasticity analysis; -Fracture phenomenon can be simulated using the proposed model with suitable bond breaking rules; -Both hexagonal packing and square packing yield similar results compared to the classical continuum-based methods; -For the modeling of continuous materials, the proposed VCPM is not computational as efficient as the classical finite elements.
The current study focuses on the 2D analysis and is extendable to general 3D cases. Future work on the theoretical development and model validation on 3D conditions is ongoing. More detailed study on the damage and fracture modeling using the proposed VCPM is also required. Applications of the proposed methodology to complex loadings and anisotropic and non-homogeneous materials need additional theoretical and experimental studies.
